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CHARACTERIZATION OF A METRIZABLE SPACE X SUCH THAT
F4(X) IS FRE´CHET-URYSOHN
KOHZO YAMADA
Abstract. Let F (X) be the free topological group on a Tychonoff space X . For all
natural numbers n we denote by Fn(X) the subset of F (X) consisting of all words of
reduced length ≤ n. In [12], the author found equivalent conditions on a metrizable
space X for F3(X) to be Fre´chet-Urysohn, and for Fn(X) to be Fre´chet-Urysohn for
n ≥ 5. However, no equivalent condition on X for n = 4 was found. In this paper,
we give the equivalent condition. In fact, we show that for a metrizable space X , if
the set of all non-isolated points of X is compact, then F4(X) is Fre´chet-Urysohn.
Consequently, for a metrizable spaceX F3(X) is Fre´chet-Urysohn if and only if F4(X)
is Fre´chet-Urysohn.
1. Introduction
Let X be a Tychonoff space and F (X) and A(X) be respectively the free topological
group and the free abelian topological group on X in the sense of Markov [7]. As an
abstract group, F (X) is free on X and every continuous map from X to an arbitrary
topological group lifts in a unique fashion to a continuous homomorphism from F (X).
Similarly, as an abstract group, A(X) is the free abelian group on X and every con-
tinuous map from X to an arbitrary abelian topological group extends to a unique
continuous homomorphism from A(X).
For each n ∈ N, Fn(X) stands for the subset of F (X) formed by all words of reduced
length at most n. It is known that X itself and each Fn(X) is closed in F (X). The
subspace An(X) is defined similarly and each An(X) is closed in A(X). Denote by X˜
the topological sum of X , its copy X−1, and {e}; that is, X˜ = X⊕{e}⊕X−1, where e is
the unit element of F (X). For every n ∈ N, denote by in the multiplication mapping of
X˜
n
to F (X); i.e, in(x1, x2, . . . , xn) = x1x2 · · ·xn for each point (x1, x2, . . . , xn) ∈ X˜
n
.
Clearly, every in is continuous and in(X˜
n
) = Fn(X). In dealing with A(X) and
An(X), we use additive notation. So, the space X˜ = X ⊕ {0} ⊕−X and the mapping
in : X˜
n
→ An(X) is defined by in(x1, x2, . . . , xn) = x1 + x2 + · · ·+ xn. Of course, in is
continuous and in(X˜
n
) = An(X).
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Recall that a topological space X is called Fre´chet-Urysohn if for every A ⊆ X and
every x ∈ A there is a sequence of points of A converging to x. In [11, 12] the following
results were obtained.
Proposition 1.1 ([11, Proposition 4.8]). If a space X is paracompact, then i2 is
a closed mapping. Therefore, for a metrizable space X both A2(X) and F2(X) are
Fre´chet-Urysohn.
Theorem 1.2 ([12, Corollary 2.5 and Corollary 2.6]). Let X be a metrizable space.
Then:
(1) Fn(X) is Fre´chet-Urysohn for each natural number n ≥ 5 if and only if X is
compact or discrete.
(2) The following are equivalent:
(i) An(X) is Fre´chet-Urysohn for each natural number n ≥ 3;
(ii) F3(X) is Fre´chet-Urysohn;
(iii) the set of all non-isolated points of X is compact.
The reader may notice that an equivalent condition on X for F4(X) to be Fre´chet-
Urysohn is not given. The author in [12] posed the following conjecture.
Conjecture 1. F4(X) is Fre´chet-Urysohn if the set of all non-isolated points of a
metrizable space X is compact.
Recently, the following partial answers were obtained.
Theorem 1.3 ([13, Corollary 3.7]). Let X be a locally compact separable metrizable
space such that the set of all non-isolated points of X is compact. Then F4(X) is
Fre´chet-Urysohn.
Theorem 1.4 ([14, Theorem 3.3]). Let X be a locally compact metrizable space such
that the set of all non-isolated points of X is compact. Then F4(X) is Fre´chet-Urysohn.
By Theorem 1.2 (1) the assumption that the set of all non-isolated points of X
is compact cannot be omitted. On the other hand, it was unknown whether local
compactness is necessary. In [13], the following question is posed.
Question 1. Let J(ℵ0) be the hedgehog space of countable spininess such that each
spine is a sequence which converges to the center point. Then J(ℵ0) is separable
metrizable, but it is not locally compact. It is also known that F3
(
J(ℵ0)
)
is metrizable
[11, Theorem 4.11] and by Theorem 1.2 (2) F5
(
J(ℵ0)
)
is not Fre´chet-Urysohn. Is
F4
(
J(ℵ0)
)
Fre´chet-Urysohn?
In this paper, we shall give an affirmative answer to Conjecture 1, and hence Question
1. Consequently, we complete the list of equivalent conditions on a metrizable space
X for Fn(X) to be Fre´chet-Urysohn for n ∈ N.
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All topological spaces are assumed to be Tychonoff. By N we denote the set of all
positive natural numbers. Our terminology and notation follows [4]. We refer to [3]
and [5] for properties of topological groups and of free topological groups.
2. Neighborhoods of the unit element
In [11] we defined a subset Wn(U) of F2n(X) as follows. Let UX˜ be the universal
uniformity on X˜ = X ⊕ {e} ⊕X−1. For each n ∈ N and U ∈ U
X˜
, put
Wn(U) = {e} ∪

g = x1x2 · · ·x2k ∈ F (X) :
(1) xi ∈ X˜ for each i = 1, 2, . . . , 2k and k ≤ n,
(2) x1x2 · · ·x2k is the reduced form of g,
(3) {1, 2, . . . , 2k} = {i1, . . . , ik} ⊕ {j1, . . . , jk},
(4) (xis , x
−1
js
) ∈ U for each s = 1, . . . , k,
(5) i1 < i2 < · · · < ik,
(6) is < js for each s = 1, 2, . . . , k, and
(7) is < it < js iff is < jt < js for each s, t = 1, . . . , k.

.
In the same paper we showed that Wn(U) is a neighborhood of e in F2n(X) for each
n ∈ N and furthermore W (U) =
∞⋃
n=1
Wn(U) is a neighborhood of e in F (X). In this
paper, we apply this for n = 2 and n = 3.
Corollary 2.1. Let U ∈ U
X˜
. Then,
(1) g ∈ W2(U) if and only if there are elements a, b, c, d in X˜ such that g = abcd and
(a, b−1), (c, d−1) ∈ U or (a, d−1), (b, c−1) ∈ U .
(2) g ∈ W3(U) if and only if there are elements p, q, r, s, t, u in X˜ such that g = pqrstu
and (p, q−1), (r, s−1), (t, u−1) ∈ U , (p, q−1), (r, u−1), (s, t−1) ∈ U , (p, s−1), (q, r−1),
(t, u−1) ∈ U , (p, u−1), (q, r−1), (s, t−1) ∈ U , or (p, u−1), (q, t−1), (r, s−1) ∈ U .
It is known that {Wn(U) : U ∈ UX˜} cannot be a neighborhood base of e in F2n(X)
for each n ≥ 2. On the other hand Uspenski˘ı [9] gave the following neighborhood base
of e.
For each g ∈ F (X), let g = xε11 x
ε2
2 · · ·x
εn
n be the reduced form of g, where xi ∈ X and
εi = ±1 for i = 1, 2, . . . , n. Let ℓ+(g) =
∣∣{i ≤ n : εi = 1}∣∣, ℓ−(g) = ∣∣{i ≤ n : εi = −1}∣∣
and ℓ(g) = ℓ+(g) + ℓ−(g). Put F0 = {g ∈ F (X) : ℓ+(g) = ℓ−(g)}. Then F0 is a clopen
subgroup of F (X). Every h ∈ F0 can be represented as
h = g1x
ε1
1 y
−ε1
1 g
−1
1 g2x
ε2
2 y
−ε2
2 g
−1
2 · · · gnx
εn
n y
−εn
n g
−1
n
for some n ∈ N, where xi, yi ∈ X , εi = ±1 and gi ∈ F (X) for i = 1, 2, . . . , n. Take an
arbitrary r = {ρg : g ∈ F (X)} ∈ P (X)
F (X). Let
pr(h) = inf
{ n∑
i=1
ρgi(xi, yi) : h = g1x
ε1
1 y
−ε1
1 g
−1
1 · · · gnx
εn
n y
−εn
n g
−1
n , n ∈ N
}
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for each h ∈ F0. Then Uspenski˘ı proved the following.
Theorem 2.2 ([9]). (1) pr is a continuous seminorm on F0 and
(2)
{
{h ∈ F0 : pr(h) < δ} : r ∈ P (X)
F (X), δ > 0
}
is a neighborhood base of e in F (X).(
Note that pr(e) = 0 for each r ∈ P (X)
F (X).
)
In this paper, we apply the above neighborhood base as follows.
Corollary 2.3. Let {hn}n∈N be a sequence in F0. Then the sequence {hn}n∈N converges
to e if and only if for each r ∈ P (X)F (X) and δ > 0, there is N ∈ N such that for each
n ≥ N , there are mn ∈ N, xn,i, yn,i ∈ X, gn,i ∈ F (X) and εn,i = ±1 for i = 1, 2, . . . , mn
such that
hn = gn,1x
εn,1
n,1 y
−εn,1
n,1 g
−1
n,1gn,2x
εn,2
n,2 y
−εn,2
n,2 g
−1
n,2 · · · gn,mnx
εn,mn
n,mn
y−εn,mnn,mn g
−1
n,mn
and
mn∑
i=1
ρgn,i(xn,i, yn,i) < δ.
In the Abelian case, we constructed a neighborhood base of 0 in A2n(X) for each
n ∈ N [10]. In the next section, we use the following lemma which is an application of
the neighborhood base. For each n ∈ N define a mapping jn : X
n ×Xn → A2n(X) by
jn
(
(x1, x2, . . . , xn), (y1, y2, . . . , yn)
)
= x1 + x2 + · · ·xn − (y1 + y2 + · · ·+ yn)
for each (x1, x2, . . . , xn), (y1, y2, . . . , yn) ∈ X
n.
Lemma 2.4 ([10, Corollary 2.5]). Let E be a subset of A2n(X) for n ∈ N. Then, 0 ∈ E
in A2n(X) if and only if j
−1
n (E) ∩ U
n 6= ∅ for each U ∈ UX , where UX is the universal
uniformity of X and Un =
{(
(x1, x2, . . . , xn), (y1, y2, . . . yn)
)
∈ Xn × Xn : (xi, yi) ∈
U, i = 1, 2, . . . , n
}
.
3. Results
Let X be a metrizable space and the set C of all non-isolated points of X is compact.
Since C is compact and each x ∈ X \ C is isolated in X , we can take a countable
neighborhood base {Wn : n ∈ N} of C such that each Wn is clopen in X and Wn+1 ⊆
Wn. Let {Vn : n ∈ N} be a neighborhood base of ∆C in X
2 such that Vn ⊆ Wn ×Wn
and {(y, x) ∈ X×X : (x, y) ∈ Vn} = Vn for each n ∈ N, where ∆Y = {(x, x) ∈ X×X :
x ∈ Y } for a subset Y of X . For each n ∈ N, let
Un = Vn ∪ {(x
−1, y−1) ∈ X−1 ×X−1 : (x, y) ∈ Vn} ∪∆X˜ ,
and U = {Un : n ∈ N}. Then U is a neighborhood base of ∆X˜ in X˜
2
, and hence a base
for the universal uniformity of X˜
2
such that Un+1 ⊆ Un and {(y, x) : (x, y) ∈ Un} = Un
for each n ∈ N.
Fact 3.1. For all continuous pseudometric ρ on X and all ε > 0, there exists n ∈ N
such that Vn ⊆ {(x, y) ∈ X ×X : ρ(x, y) < ε}.
We well begin by showing the following lemma.
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Lemma 3.2. Fix n ∈ N. Let E ⊆ (X \Wn) ∪ (X \Wn)
−1 and Fa ⊆ (Wn ×Wn) for
each a ∈ E. Put B = {axεy−εa−1 ∈ F4(X) \ F3(X) : (x, y) ∈ Fa, a ∈ E, ε = ±1}. If
for each a ∈ E there is na ∈ N such that Fa ∩ Vna = ∅, then e 6∈ B.
Proof. Put Z = Wn and D = X \Wn. Then X = Z ⊕D and D is a discrete space,
because Wn is a clopen subset of X and each d ∈ D is isolated in X . To show that
e 6∈ B, we shall construct some special mappings and topological groups defined by
Pestov and the author [8].
Define a mapping τ : F (D)×
(
Z × F (D)
)
→ Z × F (D) by τ
((
g, (x, h)
))
= (x, gh)
for each (x, gh) ∈ F (D)×
(
Z × F (D)
)
. It is easy to see that τ is a continuous action
of the discrete topological group F (D) on the space Z × F (D). For each g ∈ F (D),
the self-homeomorphism τg : Z × F (D) → Z × F (D); (x, h) 7→ (x, gh) extends to an
automorphism τ˜g : A
(
Z×F (D)
)
→ A
(
Z ×F (D)
)
. Since F (D) is discrete, τ gives rise
to a continuous action by topological group automorphism
τ˜ : F (D)× A
(
Z × F (D)
)
→ A(Z × F (D)); (g, h) 7→ τ˜g(h).
Let G = F (D)⋉τ A
(
Z × F (D)
)
be the semidirect product formed with respect to
the action τ˜ . In other words, as a topological space, G is the product of F (D) and
A
(
Z×F (D)
)
and the group operation is given by (g, a) · (h, b) =
(
gh, a+ τ˜g(b)
)
, where
g, h ∈ F (D) and a, b ∈ A
(
Z × F (D)
)
. Define a mapping ψ : X(= Z ⊕D)→ G by
ψ(t) =
{(
e, (t, e)
)
if t ∈ Z,
(t, 0) if t ∈ D,
where e and 0 denote the unit elements of F (D) and A
(
Z × F (D)
)
respectively. It
is easy to see that the mapping ψ is continuous. Hence ψ extends to a continuous
homomorphism ψ˜ : F (X)→ G. Let
Y = Z × (D ⊕D−1) ⊆ Z × F (D) ⊆ A
(
Z × F (D)
)
and
f = (π ◦ ψ˜)|(pi◦ψ˜)−1(A(Y )) : (π ◦ ψ˜)
−1
(
A(Y )
)
→ A(Y ),
where π is the projection of G onto A
(
Z × F (D)
)
. Since A(Y ) can be considered as a
topological subgroup of A
(
Z × F (D)
)
, f can be defined and clearly, it is continuous.
We shall show that e 6∈ B. Let (x, g) ∈ Z ×F (D). By the definition of the action τ˜ ,
τ˜g
(
(x, e)
)
= τg
(
(x, e)
)
= (x, g) ∈ A
(
Z×F (D)
)
. According to the well-known property
of the semidirect product, for d ∈ D and x, y ∈ Z,
(d, 0),
(
e, (x, e)
)
,
(
e, (y, e)
)
∈ G, (d, 0)−1 = (d−1, 0), and
(
e, (y, e)
)−1
=
(
e,−(y, e)
)
,
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and hence
(d, 0) ·
(
e, (x, e)
)
·
(
e, (y, e)
)−1
· (d, 0)−1 =
(
d, τ˜d
(
(x, e)
))
·
(
e,−(y, e)
)
· (d−1, 0)
=
(
d, (x, d)
)
·
(
d−1 − (y, e) + τ˜e(0)
)
=
(
d, (x, d)
)
·
(
d−1,−(y, e)
)
=
(
e, (x, d)− τ˜d
(
(y, e)
))
=
(
e, (x, d)− (y, d)
)
.
From the definition of ψ˜, ψ˜(d) = (d, 0) and ψ˜(t) =
(
e, (t, e)
)
for d ∈ D and t ∈ Z and
therefore the word g = axεy−εa−1 ∈ B satisfies
ψ˜(g) = ψ˜(a)ψ˜(x)εψ˜(y)−εψ˜(a)−1 =
(
e, ε(x, a)− ε(y, a)
)
.
Since ε(x, a) − ε(y, a) ∈ A(Y ), g ∈ (π ◦ ψ˜)−1
(
A(Y )
)
. It follows that f(g) = ε(x, a) −
ε(y, a) and f(B) =
{
ε(x, a) − ε(y, a) : (x, y) ∈ Fa, a ∈ E, ε = ±1
}
. Put for each
d ∈ D ∪D−1
Od =
{(
(x, d), (y, d)
)
: (x, y) ∈ Vnd
}
∪
{(
−(x, d),−(y, d)
)
: (x, y) ∈ Vnd
}
if d ∈ E
Od =
{(
(x, d), (y, d)
)
: (x, y) ∈ Z × Z
}
∪
{(
−(x, d),−(y, d)
)
: (x, y) ∈ Z × Z
}
if d 6∈ E
and O =
⋃
{Od : d ∈ D ∪D
−1} ∪
{
(0, 0)
}
⊆ Y˜ × Y˜ . Then O is a neighborhood of ∆Y˜
in Y˜ × Y˜ . Pick any h ∈ f(B). Then there are a ∈ E, (x, y) ∈ Fa and ε = ±1 such that
h = ε(x, a)−ε(y, a). Since Fa∩Vna = ∅, (x, y) 6∈ Vna . It follows that
(
ε(x, a), ε(y, a)
)
6∈
Oa. Clearly, it is also
(
ε(x, a), ε(y, a)
)
6∈ Od for each d ∈ (D ∪ D
−1) \ {a}. Thus, we
have that
(
ε(x, a), ε(y, a)
)
6∈ O, and hence{(
ε(x, a), ε(y, a)
)
∈ Y˜ × Y˜ : ε(x, a)− ε(y, a) ∈ f(B)
}
∩O = ∅.
By Lemma 2.4, this means that 0 6∈ f(B). Since f(e) = 0 and f is continuous, we have
e 6∈ B. This completes the proof. 
We shall prove our main theorem.
Theorem 3.3. Let X be a metrizable space. If the set of all non-isolated points of X
is compact, then F4(X) is Fre´chet-Urysohn.
Proof. Let X be a metrizable space and the set C of all non-isolated points of X is
compact. Let Wn, Vn and Un be the sets defined at the top of this section.
To show that F4(X) is Fre´chet-Urysohn, take a subset A of F4(X) and g ∈ F4(X)
for which g ∈ A. We shall show that there is a sequence in A converging to g. Since
F3(X) is closed in F4(X) and Fre´chet-Urysohn by Theorem 1.2, we may assume that
A ⊆ F4(X) \ F3(X). Since the mapping
in|i−1n (Fn(X)\Fn−1(X)) : i
−1
n
(
Fn(X) \ Fn−1(X)
)
→ Fn(X) \ Fn−1(X)
is homeomorphism for each n ∈ N [1, 6], F4(X) \F3(X) is metrizable. It is also known
that gF0 is a clopen neighborhood of g in F (X) and gF0 ∩
(
F4(X) \ F3(X)
)
= ∅ if
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g ∈
(
F3(X)\F2(X)
)
∪
(
F1(X)\{e}
)
(see the definition of the Uspenski˘ı’s neighborhood
base of e in §2). These follow that we may assume that g ∈
(
F2(X) \ F1(X)
)
∪ {e}.
We consider the following several cases.
Case 1. g ∈
(
F2(X) \ F1(X)
)
.
Let g = sδtγ , where s, t ∈ X , δ, γ = ±1 and sδ 6= t−γ , and take n1 ∈ N such that
(sδ, t−γ) 6∈ Un1 . Since g ∈ A, e ∈ g
−1A ∈ F6(X), and hence g
−1A ∩ W3(Un1+k) 6=
∅ for each k ∈ N. Pick a sequence {hk = a
εk,1
k b
εk,2
k c
εk,3
k d
εk,4
k } such that g
−1hk =
t−γs−δa
εk,1
k b
εk,2
k c
εk,3
k d
εk,4
k ∈ g
−1A ∩ W3(Un1+k), where ak, bk, ck, dk ∈ X and εk,i = ±1
for i = 1, 2, 3, 4. For each k ∈ N, (t−γ, sδ) 6∈ {(y, x) : (x, y) ∈ Un1+k} = Un1+k. It
follows from Corollary 2.1 (2) that for each k ∈ N
(1)k (t
−γ , b
−εk,2
k ), (s
−δ, a
−εk,1
k ), (c
εk,3
k , d
−εk,4
k ) ∈ Un1+k,
(2)k (t
−γ , d
−εk,4
k ), (s
−δ, a
−εk,1
k ), (b
εk,2
k , c
−εk,3
k ) ∈ Un1+k, or
(3)k (t
−γ , d
−εk,4
k ), (s
−δ, c
−εk,3
k ), (a
εk,1
k , b
−εk,2
k ) ∈ Un1+k.
Note that for p, q ∈ X , n ∈ N and ε1, ε2 = ±1,
if (pε1, qε2) ∈ Un then ε1 = ε2, and p = q or (p, q) ∈ Vn.
To show that there is a subsequence of {g−1hk} converging to e, take an arbitrary r =
{ρg : g ∈ F (X)} ∈ P (X)
F (X) and α > 0. LetNi = {k ∈ N : the condition (i)k is satisfied. }
for i = 1, 2, 3, 4. Then at least one of N1, N2, N3 and N4 is infinite. Suppose that N1
or N2 is infinite. By Fact 3.1, we can pick K ∈ N1 such that
Vn1+K ⊆
{
(x, y) ∈ X ×X : ρt−γ (x, y) <
α
3
and ρe(x, y) <
α
3
}
.
If N1 is inifinite, then for each k ∈ N1 with k ≥ K,
pr(g
−1hk) = pr(t
−γs−δa
εk,1
k b
εk,2
k c
εk,3
k d
εk,4
k ) = pr(t
−γs−δa
εk,1
k t
γet−γb
εk,2
k eec
εk,3
k d
εk,4
k e)
≤ ρt−γ (s, ak) + ρe(t, bk) + ρe(ck, dk) < α.
On the other hand, if N2 is infinite, then for each k ∈ N2 with k ≥ K,
pr(g
−1hk) = pr(t
−γs−δa
εk,1
k b
εk,2
k c
εk,3
k d
εk,4
k ) = pr(t
−γs−δa
εk,1
k t
γt−γb
εk,2
k c
εk,3
k t
γet−γd
εk,4
k e)
≤ ρt−γ (s, ak) + ρt−γ (bk, ck) + ρe(t, dk) < α.
Suppose that N3 is infinite. Then, by Fact 3.1, we can pick K ∈ N3 such that
Vn1+K ⊆
{
(x, y) ∈ X ×X : ρt−γs−δ(x, y) <
α
3
, ρt−γ (x, y) <
α
3
and ρe(x, y) <
α
3
}
.
Then, for each k ∈ N3 with k ≥ K,
pr(g
−1h−1k ) = pr(t
−γs−δa
εk,1
k b
εk,2
k c
εk,3
k d
εk,4
k ) = pr(t
−γs−δa
εk,1
k b
εk,2
k s
δtγt−γs−δc
εk,3
k t
γet−γd
εk,4
k e)
≤ ρt−γs−δ(ak, bk) + ρt−γ (s, ck) + ρe(t, dk) < α.
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Therfore, by Corollary 2.3, we can find a subsequence {g−1hnk} of {g
−1hk} converges
to e. It follows that the sequence {hnk} in A converges to g.
Case 2. g = e.
Since e ∈ A, A ∩W2(Un) 6= ∅ for each n ∈ N. Let
H(Un) = {abcd ∈ W2(Un) : (a, b
−1), (c, d−1) ∈ Un},
I(Un) = {abcd ∈ W2(Un) : (a, d
−1), (b, c−1) ∈ Un, a 6= d
−1} and
J(Un) = {abcd ∈ W2(Un) : (a, d
−1), (b, c−1) ∈ Un, a = d
−1}
= {abca−1 ∈ W2(Un) : (b, c
−1) ∈ Un}.
By Corollary 2.1 (1), W2(Un) = H(Un) ∪ I(Un) ∪ J(Un). We discuss in more three
cases.
Case 2-1. M1 = {n ∈ N : A ∩H(Un) 6= ∅} is infinite.
For each n ∈ M1, pick gn = a
γn
n b
δn
n c
εn
n d
ζn
n ∈ A ∩H(Un), where an, bn, cn, dn ∈ X and
γn, δn, εn, ζn = ±1. For each n ∈ M1, since ℓ(gn) = 4 and (a
γn
n , b
−δn
n ), (c
εn
n , d
−ζn
n ) ∈ Un,
(an, bn), (cn, dn) ∈ Vn. Thus, by the same argument as Case 1, we can show that the
sequence {gn} in A converges to e.
Case 2-2. M2 = {n ∈ N : A ∩ I(Un) 6= ∅} is infinite.
For each n ∈ M2, pick gn = a
γn
n b
δn
n c
εn
n d
ζn
n ∈ A ∩ I(Un), where an, bn, cn, dn ∈ X and
γn, δn, εn, ζn = ±1. In this case, it is easy to see that (an, dn), (bn, cn) ∈ Vn for each
n ∈M2. Since {Vn : n ∈ N} is a neighborhood base of the compact set ∆C in X ×X ,
there are an infinite subset M ′2 of M2 and c ∈ C such that both of the sequences
{an}n∈M ′
2
and {dn}n∈M ′
2
converge to c. Let r = {ρg : g ∈ F (X)} ∈ P (X)
F (X) and
α > 0. we can choose K ∈M ′2 such that
VK ⊆
{
(x, y) ∈ X ×X : ρc(x, y) <
α
3
, ρc−1(x, y) <
α
3
and ρe(x, y) <
α
3
}
.
Then, for each n ∈M ′2 with n ≥ K,
pr(gn) = pr(a
γn
n b
δn
n c
εn
n d
ζn
n ) = pr(ea
γn
n c
−γnecγnbδnn c
εn
n c
−γnecγndζnn e)
≤ ρe(an, c) + ρcγn (bn, cn) + ρe(c, dn) < α.
Thus, the sequence {gn}n∈M ′
2
in A converges to e.
Case 2-3. Case 2, but neither Case 2-1 nor Case 2-2.
In this case, for convenience, we may assume that for each n ∈ N A ∩
(
H(Un) ∪
I(Un)
)
= ∅. It follows that A∩J(Un) = A∩W2(Un) 6= ∅ for each n ∈ N. Since W2(Un)
is a neighborhood of e, we have that e ∈ A ∩ J(Un) for each n ∈ N. Put
J1(Un) = {abca
−1 ∈ J(Un) : a ∈ C∪C
−1} and J2(Un) = {abca
−1 ∈ J(Un) : a 6∈ C∪C
−1}
for each n ∈ N. Clearly J(Un) = J1(Un) ∪ J2(Un), and hence A ∩ J1(Un) 6= ∅ or
A ∩ J2(Un) 6= ∅. Suppose that L1 = {n ∈ N : A ∩ J1(Un) 6= ∅} is infinite. Take
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gn = a
γn
n b
δn
n c
εn
n a
−γn
n ∈ A ∩ J2(Un), where an, bn, cn ∈ X and γn, δn, εn = ±1 for each
n ∈ L1. Since ℓ(gn) = 4, (bn, cn) ∈ Vn, and also an is in the compact set C. We can
take an infinite subset L′1 of L1 such that the sequence {an}n∈L′1 converges to a point
of C. Hence, with the same argument as Case 2-2, we can show that the sequence
{gn}n∈L′
1
in A converges to e.
Therefore, we may assume that A ∩ J2(Un) = A ∩W2(Un) 6= ∅ for each n ∈ N. Let
B = A∩J2(U1). Then e ∈ B. For each g ∈ B, let g = a
γg
g b
δg
g c
εg
g a
−γg
g , where ag, bg, cg ∈ X
and γg, δg, εg = ±1. Note that (bg, cg) ∈ V1 ⊆ X ×X and ag 6∈ C. Put E = {ag ∈ X :
g ∈ B} and for each a ∈ E, Fa = {(bg, cg) ∈ X×X : a = ag for some g ∈ B}. Suppose
that there are a ∈ E and an infinite subset L2 of N such that Fa ∩ Vn 6= ∅ for each
n ∈ L2. Pick (bgn, cgn) ∈ Fa ∩ Vn for each n ∈ L2. Since agn = a and γgn = ±1 for each
n ∈ L2, it is easy to check that the sequence
{
a
γgn
gn b
δgn
gn c
εgn
gn a
−γgn
gn
}
=
{
aγgn b
δgn
gn c
εgn
gn a
−γgn
}
in B converges to e. Thus we may assume that
for each a ∈ E there is na ∈ N such that Fa ∩ Vna = ∅. (∗)
Pick g ∈ B. Then (bg, cg) ∈ V1 and ag 6∈ C. Since C =
∞⋂
n=1
Wn, choose n1 ∈ N such that
ag 6∈ Wn1 . Note that B = {g ∈ B : ag ∈ Wn1}∪{g ∈ B : ag 6∈ Wn1}. It follows from the
assumption (∗) and Lemma 3.2 that e 6∈ {g ∈ B : ag 6∈ Wn1}. Put B1 = {g ∈ B : ag ∈
Wn1}. Since e ∈ B, e ∈ B1, and hence B1 ∩ J2(Un1) 6= ∅. It follows that we can pick
gn1 ∈ B1 ∩ J2(Un1). Then (bgn1 , cgn1 ) ∈ Vn1 and agn1 ∈ Wn1 \ C. Choose n2 ∈ N with
agn1 6∈ Wn2 , so that n2 > n1. Since B1 = {g ∈ B : ag ∈ Wn2}∪{g ∈ B : ag ∈ Wn1\Wn2}
and e 6∈ {g ∈ B : ag ∈ Wn1 \Wn2} by the assumtion (∗) and Lemma 3.2, we can pick
gn2 ∈ B2 ∩ J2(Un2), where B2 = {g ∈ B : ag ∈ Wn2}. In a similar way, we obtain a
subsequence {nk} of N and a sequence {gnk} in B such that gnk ∈ Bk ∩ J2(Unk), where
Bk = {g ∈ B : ag ∈ Wnk} for each k ∈ N. Since for each k ∈ N
gnk = a
γgnk
gnk
b
δgnk
gnk
c
εgnk
gnk
a
−γgnk
gnk
, (bgnk , cgnk ) ∈ Vnk and agnk ∈ Wnk .
Note that the sequence {agnk} converges to an element of C. Thus, with the same
aurgument as Case 2.2, we can show that {gnk} converges to e.
In all cases, we can find a sequence in A converging to g. Therefore, we conclude
that F4(X) is Fre´chet-Urysohn. 
We give an affirmative answer to Conjecture 1 and also Question 1, as follows.
Corollary 3.4. Let X be a metrizable space. Then:
(1) The following are equivalent:
(i) Fn(X) is Fre´chet-Urysohn for each n ∈ N;
(ii) F5(X) is Fre´chet-Urysohn;
(iii) X is compact or discrete.
(2) The following are equivalent:
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(i) An(X) is Fre´chet-Urysohn for each n ∈ N;
(ii) A3(X) is Fre´chet-Urysohn;
(iii) F4(X) is Fre´chet-Urysohn;
(iv) F3(X) is Fre´chet-Urysohn;
(v) the set of all non-isolated points of X is compact.
(3) Both A2(X) and F2(X) are Fre´chet-Urysohn.
Corollary 3.5. Let J(κ) be the hedgehog space of κ many spininess such that each spine
is a sequence which converges to the center point. Then F4
(
J(κ)
)
is Fre´chet-Urysohn.
References
References
[1] A. V. Arhangel’ski˘ı,Mapping related to topological groups, Soviet Math. Dokl. 9 (1968) 1011-1015.
[2] A. V. Arhangel’ski˘ı, O. G. Okunev and V. G. Pestov, Free topological groups over metrizable
spaces, Topology Appl. 33 (1989) 63-76.
[3] A. V. Arhangel’ski˘ıand M. Tkachenko, Topological Group and Related Structures, Atlantis Press
and World Sci., Paris, 2008.
[4] R. Engelking, General Topology (Heldermann, Berlin, 1989).
[5] E. Hewitt and K. Ross, Abstract harmonic analysis I, Academic Press, New York, (1963).
[6] C. Joiner, Free topological groups and dimension, Trans. Amer. Math. Soc. 220 (1976) 401-418.
[7] A. A. Markov, On free topological groups, Izv. Akad. Nauk SSSR Ser. Mat. 9 (1945) 3-64 (in
Russian); Amer. Math. Soc. Transl. 8 (1962) 195-272.
[8] V. Pestov and K. Yamada, Free topological groups on metrizable spaces and inductive limits,
Topology Appl. 98 (1999) 291-301.
[9] V. V. Uspenski˘ı, Free topological groups of metrizable spaces, Math. USSR Izvestiya 37 (1991)
657-680.
[10] K. Yamada, Characterizations of a metrizable space X such that every An(X) is a k-space,
Topology Appl. 49 (1993) 75-94.
[11] K. Yamada, Metrizable subspaces of free topological groups on metrizable spaces, Topology Proc.
23 (1998) 379-409.
[12] K. Yamada, Fre´chet-Urysohn spaces in free topological groups on metrizable spaces, Proc. Amer.
Math. Soc., 130 (2002) 2461-2469.
[13] K. Yamada, Fre´chet-Urysohn subspaces of free topological groups, Topology Appl. 210 (2016),
81-89.
[14] K. Yamada, Fre´chet-Urysohn subspaces of free topological groups II, submitted.
Department of Mathematics, Faculty of Education, Shizuoka University, Shizuoka,
422-8529 Japan
E-mail address : kohzo.yamada@shizuoka.ac.jp
